In this paper we study the problem of prescribing a fourth order conformal invariant (the Paneitz curvature) on the n-spheres, with n ≥ 5. Using tools from the theory of critical points at infinity, we provide some topological conditions on the level sets of a given function defined on the sphere, under which we prove the existence of conformal metric with prescribed Paneitz curvature.
Introduction and the Main Results
Given (M 4 , g) a smooth 4-dimensional Riemannian manifold, let S g be the scalar curvature of g and Ric g be the Ricci curvature of g. In 1983, Paneitz [24] discovered the following fourth order operator
This operator is conformally invariant in the sense that ifg = e 2u g is a conformal metric to g, then P 4 g ϕ = e −4u P 4 g (ϕ) for all ϕ ∈ C ∞ (M), and it can be seen as a natural extension of the conformal Laplacian on 2-manifolds. A generalization of P 4 g to higher dimensions has been discovered by Branson [9] . Let (M, g) be a smooth compact Riemannian n-manifold , n ≥ 5. The Paneitz operator P n g of [9] is defined by P n g u = ∆ 2 g u − div g (a n S g g + b n Ric g )du + n − 4 2 Q n g u, where a n = (n − 2) 2 + 4 2(n − 1)(n − 2)
, b n = −4 n − 2 Q n g = − 1 2(n − 1) ∆ g S g + n 3 − 4n 2 + 16n − 16 8(n − 1) 2 (n − 2) 2 S 2 g − 2 (n − 2) 2 |Ric g | 2 Ifg = u 4/(n−4) g is a conformal metric to g, one has that for all ϕ ∈ C ∞ (M) P n g (uϕ) = u (n+4)/(n−4) P ñ g (ϕ) and
For more details about the properties of the Paneitz operator, see for example [8] , [9] , [10] , [12] , [13] , [14] , [15] , [16] , [17] , [18] , [19] , [20] , [21] . In view of relation (1.1), it is natural to consider the problem of prescribing the conformal invariant Q n called the Paneitz curvature, that is : given a function f : M → R, does there exist a metricg conformally equivalent to g such that Q ñ g = f ? By equation (1.1), the problem can be formulated as follows. We look for solutions of In this paper we consider the case of standard sphere (S n , g), n ≥ 5. Thus, we are reduced to finding a positive solution u of the problem Pu = ∆ 2 u − c n ∆u + d n u = Ku n+4 n−4 , u > 0 in S n (1.3) where c n = 1 2 (n 2 − 2n − 4) and d n = n−4 16 n(n 2 − 4) and where K is a given function defined on S n . Due to the invariance of equation (1.3) under the group of conformal transformations of (S n , g), Kazdan-Warner type obstructions occur (see [17] and [26] ). Thus a natural question arises : under which conditions on K, (1.3) has a solution. In this paper, we propose to give sufficient conditions on K such that (1.3) possesses a solution. Our method follows closely the ideas developed in Aubin-Bahri [1] and Bahri [3] where the problem of prescribing the scalar curvature on closed manifold was studied using some topological and dynamical tools of the theory of critical points at infinity, see Bahri [2] . In order to state our main results, we need to introduce assumptions that we are using and some notation. In the sequel, we assume that K is a C 3 -positive function on S n and has only nondegenerate critical points y 0 , ..., y s (A 1 ) We assume that
where index(K, y i ) is the Morse index of K at y i and m is an integer defined in assumption (A 3 ). (A 3 ) Let Z be a pseudogradient of K, of Morse-Smale type (that is, the intersections of the stable and the unstable manifolds of the critical points of K are transverse).
We assume that X is not contractible and denote by m the dimension of the first nontrivial reduced homology group. (A 4 ) Assume that there existsc a positive constant such thatc < K(y l ) and such that X is contractible in Kc = {x ∈ S n / K(x) ≥c}. Now, we are able to state our main results. The present paper is organized as follows. In section 2, we set up the variational structure and recall some known facts. In section 3, we prove a Morse lemma at infinity for the Euler functional associated to (1.3) . In section 4, we provide the proof of Theorem 1.1 and Corollary 1.2, while section 5 is devoted to the proof of Theorem 1.3.
Variational Structure and Some Known Facts
In this section we recall the functional setting and the variational problem and its main features.
For K ≡ 1, the solutions of (1.3) are the family δ (a,l) defined by
where a ∈ S n , l > 0 and β n is a positive constant. After performing a stereographic projection π through the point −a as pole, the function δ (a,l) is transformed into
which is a solution of the problem (see [22] )
The space H 2 2 (S n ) is equipped with the norm :
We denote by Σ the unit sphere of H 2 2 (S n ) and we set Σ + = {u ∈ Σ/u > 0}. We introduce the following functional defined on Σ by
The positive critical points of J, up to multiplicative constant, are solutions of (1.3). The Palais-Smale condition fails for J on Σ + . This failure can be described as follows (see [11] , [23] , [25] ).
Proposition 2.1 Assume that J has no critical point in Σ + and let (u k ) be a sequence in Σ + such that J(u k ) is bounded and ∇J(u k ) goes to 0. Then, there exist an integer p and a sequence ε k such that
Here
The following result defines a parametrization of the set V (p, ε).
Proposition 2.2 [3] , [4] For any p ∈ N * , there exists ε p > 0 such that, if 0 < ε < ε p and u ∈ V (p, ε), then the following minimization problem
has a unique solution (α, a, l) = (α 1 , ..., α p , a 1 , ..., a p , l 1 , ..., l p ) (up to permutation). In particular, we can write u ∈ V (p, ε) as follows
Next, we recall from [7] a useful expansion of the functional associated to (1.3) and its gradient near a critical point at infinity.
, we have the following expansion
where c 1 and c 2 are positive constants,
,
(Here and in the sequel δ i denotes δ (a i ,l i ) .)
Let us introduce the following set
Proposition 2.4 [7] Assume that n ≥ 5. Thus, for any
Proposition 2.5 [7] Assume that n ≥ 5. Thus, for ε > 0 small enough and u = α δ (a,l) ∈ V (1, ε), we have the following expansions
Morse Lemma at infinity
In this section, we consider the case where we only have one mass and we perform a Morse lemma at infinity for J, which completely gets rid of the v-contribution and shows that the functional behaves, at infinity, as J(α δ ( a, l) )+ | V | 2 , where V is a variable completely independent ofã andl. Namely, we prove the following result.
Moreover, (i) can be improved when the concentration point is near a critical point y of K with −∆K(y) > 0, leading to the following normal form : there is another change of variable ( a, l) −→ (ā,l) such that J(α δ ( a, l) ) = Ψ(ā,l) := S 4/n n
where c is a constant which depends only on n and η is a small positive constant.
The proof of Proposition 3.1 can be easily deduced from the following lemma, arguing as in [3] and [6] .
Lemma 3.2 For n ≥ 5, there exists a pseudogradient W so that the following holds. 
From Proposition 2.5, we have
Case 2 d(a, y) ≤ 2µ, where y is a critical point of K with −∆K(y) < 0. Set
where m 1 is a small constant and ϕ is a C ∞ function which satisfies ϕ(t) = 1 if t ≥ 2 and ϕ(t) = 0 if t ≤ 1. Using Proposition 2.5, we derive that
We obtain the same equality as in case 2.
Hence W will be built as a convex combination of Z 1 , Z 2 and Z 3 . Thus the proof of claim 1) is completed. Claims 3) and 4) can be easily derived from the definition of W . Regarding the estimate 2), it can be obtained, arguing as in [3] and [6] , using Claim 1). 2
Next, we derive from the above results the characterization of the critical points at infinity in V (1, η). We recall that the critical points at infinity are the orbits of the flow that remain in V (p, ε(s)), where ε(s) is a given function such that ε(s) tends to zero when s tends to +∞ (see [2] ). Proof. From Lemma 3.2, we know that the only region where l increases along the pseudogradient W , defined in Lemma 3.2, is the region where a is near a critical point y of K with −∆K(y) > 0. Proposition 3.1 yields a split of variables a and l, thus it is easy to see that if a = y, only l can move. To decrease the functional J, we have to increase l, thus we obtain a critical point at infinity only in this case and our result follows. L 2n/(n−4) < η} and where η is a small positive constant. According to Lemma 5.1 in [7] , we know that V η (Σ + ) is invariant under the flow generated by −∇J. It follows from Proposition 3.3, that under the assumptions of Theorem 1.1, the critical points at infinity of J under the level c 1 = (S n ) 4 n (K(y l )) 4−n n + ε , for ε small enough, are in one to one correspondence with the critical points of K y 0 , y 1 , ..., y l . The unstable manifold at infinity of such critical points at infinity, W u (y 0 ) ∞ , ..., W u (y l ) ∞ can be described, using Proposition 3.1, as the product of W s (y 0 ), ..., W s (y l ) (for a pseudogradient of K ) by [A, +∞[ domain of the variable l, for some positive number A large enough. Since J has no critical points in V η (Σ + ), it follows that J c 1 = {u ∈ V η (Σ + )/J(u) ≤ c 1 } retracts by deformation on X ∞ = ∪ 0≤j≤l W u (y j ) ∞ (see Sections 7 and 8 of [5] ) which can be parametrized as we said before by X × [A, +∞[. Now we claim that X ∞ is contractible in J c 2 +ε , where c 2 = (S n ) 4 nc 4−n n . Indeed, from (A 4 ), it follows that there exists a contraction h : [0, 1] × X → Kc, h continuous such that for any a ∈ X h(0, a) = a and h(1, a) = a 0 a point of X. Such a contraction gives rise to the following contractionh :
For t = 0,δ (h(0,a),l) +v =δ (a,l) +v ∈ X ∞ .h is continuous andh(1, a, l) =δ (a 0 ,l) +v, hence our claim follows. Now, using Proposition 2.3, we deduce that J(δ h(t,a),l +v) ∼ (S n ) 4 n (K(h(t, a)))
where K(h(t, a 1 )) ≥c by construction. Therefore such a contraction is performed under c 2 + ε, for A large enough, so X ∞ is contractible in J c 2 +ε . In addition, choosing c 0 small enough, we see that there is no critical point at infinity for J between the levels c 2 + ε and c 1 , thus J c 2 +ε retracts by deformation on J c 1 , which retracts by deformation on X ∞ , therefore X ∞ is contractible leading to the contractibility of X, which is in contradiction with our assumption. Hence J has a critical point in V η (Σ + ). Arguing as in the proof of Theorem 1.1 of [7] , we prove that such a critical point is positive and therefore our theorem follows. Our proof follows [1] . Arguing by contradiction, we suppose that J has no critical points. We denote by z 1 , ..., z r the critical points of K among
After perturbation of K in the neighborhood of z 1 , ..., z r , we can assume that the new functionK has the same critical points with the same Morse index and with −∆K(z j ) > 0 for 1 ≤ j ≤ r. Notice that the newX defined in assumption (A 3 ) is also not contractible. Under the level 2 4/n S 4/n n (K(y 0 )) (4−n)/n , the associated functionalJ is close to the functional J in the sense of C 1 . Under the level c 2 + ε,J can have critical points (c 2 is defined in the proof of Theorem 1.1). Next, we will use the following Proposition whose proof is given later.
Proposition 5.1 We can chooseK close to K such that ifJ has critical points under the level c 2 + ε, then their Morse index are less than m − 2, where m is defined in assumption (A 3 ). Now we come back to the proof of our Theorem. According to Proposition 5.1, ifK is well chosen, the Morse index of critical points ofJ under the level c 2 +ε is less than m−2. Such critical points do not change the homological group in dimension m which is non trivial inJ c 1 , but trivial inJ c 2 +ε , we then derive a contradiction and our result follows. Next we are going to prove Proposition 5.1. For this purpose, we need the following lemmas.
Lemma 5.2 Assume that n ≥ 5 and let P be the P-orthogonal projection onto E ⊥ = Vect δ (z.l) , l −1 (∂δ (z,l) )/(∂z), l(∂δ (z,l) )/(∂l) . Then, we have the following estimates
Proof. The proof of claim (i) is easy, so we will omit it. Now we are going to prove claim (ii). Let ϕ ∈ {δ (z.l) , l −1 (∂δ (z,l) )/(∂z), l(∂δ (z,l) )/(∂l)}. We then have P ϕ = ϕ, therefore
where ϕ 1 =δ (z.l) , ϕ 2 = l −1 (∂δ (z,l) )/(∂z), ϕ 3 = l(∂δ (z,l) )/(∂l). But, we have
Thus claim (ii) follows.
In the same way, claim (iii) follows and hence the proof of our lemma is completed. 2 Lemma 5.3 Let z 0 be a point of S n close to a critical point of K and letv =v(z 0 , α, l) ∈ E defined in Proposition 2.4. Then, we have the following estimates
Proof. We notice that Claim (i) follows from Proposition 2.4. Then we only need to show that Claim (ii) is true. We know thatv satisfies 
Sinze z 0 is close to a critical point of K, we derive that || ∂f ∂z || = o(1).
In the same way, we have
Therefore ||P ( ∂v ∂z )|| = o(1). Now, using the following inequality
we easily derive our claim and our lemma follows. 2
We are now able to prove Proposition 5.1. Proof of Proposition 5. 1 We always suppose that J has no critical points. We notice that under the level c 2 + ε and outside V (1, ε 0 ), we have |∇J| > c > 0. If K is close to K in the sense of C 1 , then J is close to J in the sense of C 1 , and therefore |∇ J| > c/2 in this region. Thus, a critical point u 0 of J under the level c 2 + ε has to be in V (1, ε 0 ). Thus, we can write u 0 = δ (z 0 ,l) + v. Now, using Proposition 2.5, we derive that
thus z 0 has to be close to y i where i ∈ {0, ..., s}. We also have
In the neighborhood of y i with i ∈ {k/ − ∆K(y k ) > 0} ∪ {l + 1, ..., s}, K ≡ K and therefore |∆ K| > c > 0 in this neighborhood. Thus (5.2) implies that z 0 has to be near z i with 1 ≤ i ≤ r (recall that z i 's satisfy −∆K(z i ) < 0).
In the sequel, we assume that δ = δ (z,l) satisfies || δ|| = 1, and thus P δ = S 4 n−4 n δ n+4 n−4 . We also assume that |D 2 K| ≤ c(1 + |D 2 K|), where c is a fixed positive constant. Let u 0 = δ (z 0 ,l) + v be a critical point of J. In order to compute the Morse index of J at u 0 , we need to compute ∂ 2
and
For z = z 0 , we have J ′ ( δ (z,l) + v) = 0. We will estimate each term on the right hand-side of (5.3 Thus, if z 0 is close to a critical point, we have ∂ 2 ∂z 2 J( δ (z,l) ) /z=z 0 = −cD 2 K(z 0 ) + o(1).
Without loss of generality, we can assume that z 0 is close to z 1 and we can also assume that D 2 K = D 2 K(z 1 ) + o(1) in B(z 1 , ρ) and D 2 K(z 1 ) is diagonal, where ρ is a small fixed positive constant. Using this diagonal form, we can obtain K if we increase the negative eigenvalues of D 2 K(z 1 ) in B(z 1 , ρ) so that −∆ K(z 1 ) > 0, and that K has only z 1 as a critical point in B(z 1 , ρ). In this construction, we will bring back the negative eigenvalues of D 2 K(z 1 ) to their initial values on ∂B(z 1 , ρ). The Morse index of K at z 1 satisfies index(K, z 1 ) ≥ n − m + 3. Since ρ is fixed, when l goes to infinity, the Morse index of K at z 0 is equal to the number of negative eigenvalues of −D 2 K(z 0 ) which is the same as the number of negative eigenvalues of −D 2 K(z 1 ). Thus, the contribution of the variable z in the Morse index is ≤ m − 3. Taking in account the contribution of the variable l, we derive our result. 2
